Abstract. For CR structures in dimension three, the CR pluriharmonic functions are characterized by the vanishing of a third order operator. This third order operator, after composition with the divergence operator, gives the fourth order analogue of the Paneitz operator. In this short note, we give criteria under which the kernel of the CR Paneitz operator contains a supplementary space to the CR pluriharmonic functions.
Introduction
It is well-known that for a three-dimensional CR manifold, the kernel of the CR Paneitz operator contains the CR pluriharmonic functions. It is an open question whether there are examples of CR manifolds for which the kernel of the CR Paneitz operator is exactly the CR pluriharmonic functions. Graham and Lee showed [6] that this is true for compact CR manifolds admitting a torsion free contact form. More recently, the authors showed [3] that this is true for real analytic families of CR manifolds for which the space of CR pluriharmonic functions is stable, assuming positivity of certain natural geometric invariants. In this short note, we give conditions, related to the instability of the space of CR pluriharmonic functions along deformations, which guarantee that the kernel of the CR Paneitz operator contains functions which are not CR pluriharmonic; see Theorem 2.1 and Theorem 2.3.
Throughout this paper, we use the notation and terminology in [8] unless otherwise specified. Let (M, J, θ) be a closed three-dimensional pseudohermitian manifold, where θ is a contact form and J is a CR structure compatible with the contact bundle ξ = ker θ. The CR structure J decomposes ξ ⊗ C into the +i-and −ieigenspaces of J, denoted T 1,0 and T 0,1 , respectively. The Levi form , L θ is the Hermitian form on
The Levi form induces naturally a Hermitian form on the dual bundle of
, and hence on all the induced tensor bundles. By integrating the Hermitian form (when acting on sections) over M with respect to the volume form dV = θ∧dθ, we get an inner product on the space of sections of each tensor bundle. We denote this inner product by , . For example
for functions ϕ and ψ. The Reeb vector field T is the unique vector field such that θ(T ) = 1 and θ(T, ·) = 0. Let Z 1 be a local frame of T 1,0 and consider the frame {T, Z 1 , Z1} of T M ⊗ C. Then θ, θ 1 , θ1 , the coframe dual to {T, Z 1 , Z1}, satisfies
for some positive function h 11 . We can always choose Z 1 such that h 11 = 1; hence, throughout this paper, we assume h 11 = 1 The pseudohermitian connection of (J, θ) is ∇ on T M ⊗ C (and extended to tensors) given in terms of a local frame Z 1 ∈ T 1,0 by
where θ 1 1 is the 1-form uniquely determined by the equations
θ 1 1 and τ 1 are called the connection form and the pseudohermitian torsion, respectively. Put τ 1 = A 11 θ1. The structure equation for the pseudohermitian connection is
where R is the Tanaka-Webster curvature. We denote components of covariant derivatives with indices preceded by a comma; thus we write A1 1,1 θ 1 ∧ θ. The indices {0, 1,1} indicate derivatives with respect to {T, Z 1 , Z1}. For derivatives of a scalar function, we omit the comma; for example, given a smooth function ϕ, we write ϕ 1 = Z 1 ϕ and ϕ 11 = Z1Z 1 ϕ − θ 1 1 (Z1)Z 1 ϕ and ϕ 0 = T ϕ.
Next we recall several natural differential operators occurring in this paper. For a smooth function ϕ, the Cauchy-Riemann operator ∂ b is defined locally by
We write∂ b for the conjugate of
The Kohn Laplacian on functions is
The operator P 3 defined on functions ϕ by P 3 ϕ = (ϕ11 1 +iA 11 ϕ 1 )θ 1 characterizes the space P of CR pluriharmonic functions as P = ker P 3 (see [8] ). The CR Paneitz operator P 4 is defined by
Define Q by Qϕ = 2i(A 11 ϕ 1 ) ,1 . Using the commutation relation [ b , b ] = 4i Im Q, we see that
Hence P 4 is a real and symmetric operator. Note that the leading order term of P 4 makes it a fourth order hyperbolic operator, thus it is remarkable that it still displays properties of a subelliptic operator. It follows from (1.3) that the CR pluriharmonic functions are contained in the kernel of the CR Paneitz operator. It is natural to ask whether there is anything else in the kernel of P 4 . Hsiao recently showed [7] that, under the assumption that the structure (M 3 , θ, J) is embedded, there can be at most a finite dimensional supplementary of the CR pluriharmonics in the kernel of P 4 . More precisely, for any embedded structure (M, J, θ), we have (1.4) ker P 4 = P ⊕ W for W a finite dimensional space, henceforth referred to as the supplementary space. An elementary proof of this fact is presented as Lemma 2.2 in [3] . We say that the supplementary space exists if W = {0} in (1.4) . In previous work [3] on the kernel of the CR Paneitz operator, the authors showed that the supplementary space does not exist under natural conditions on an analytic family of CR manifolds.
be a family of embedded CR manifolds for t ∈ [−1, 1] with the following properties.
(1) J t is real analytic in the deformation parameter t. In view of [4] the hypotheses of theorem (1.2) are satisfied by the family of ellipsoids in C 2 . Theorem 1.1 shows that the stability of the CR pluriharmonic functions plays a role in preventing the existence of the supplementary space. If one wishes to use deformations to exhibit examples of CR manifolds for which the supplementary space exists, one should thus look at unstable families. In the next section, we give two conditions which guarantee the existence of the supplementary space.
The Supplementary Space and Instability
Using estimates from [3] , we prove two results about the supplementary space for families of embedded CR manifolds without imposing a stability assumption.
First, using the Baire Category Theorem, we show that generically the supplementary space exists. Theorem 2.1. Let (M 3 , J t , θ) be a family of embedded CR manifolds with t ∈ [−1, 1]. Assume that the Szegő projector S t : F 2,0 → (ker∂ t b ⊂ F 2,0 ) varies real analytically in the deformation variable t (see [5] for a definition of F 2,0 ). Then
(2) The set
is a closed set with no accumulation points. In particular, F has no interior points and hence F is of the first category.
has nonempty interior. Second, we show that, under an assumption on the rate of vanishing of the first eigenvalue of the CR Paneitz operator for a family of CR structures, the loss of stability of the CR pluriharmonic functions implies the existence of the supplementary space. To make this precise, we list our assumptions.
In particular, (2.8) v t 2 < ε for |t − t 0 | < δ. Now, f 0 − ψ t = f 0 − u t + v t . Hence (2.9) f 0 − ψ t 2 ≤ f 0 − u t 2 + v t 2 .
By (2.8) and the construction of u t , we conclude that f 0 − ψ t 2 = o(1) for t → t 0 . This contradicts the stability assumption (2.3). Hence the projection of u t onto ker P t
